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Spin splitting of relativistic particles in 3D
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Department of Physics, Sofia University, 5 James Bourchier Blvd, Sofia 1164, Bulgaria
(Dated: August 19, 2018)
The behavior of relativistic particles in an electric and/or magnetic field is considered in the
general case when the direction of propagation may differ from the direction of the field. A special
attention is paid to the spin splitting and the ensuing Larmor precession frequency of both neutral
and charged particles. For both neutral and charged particles, the Larmor frequency shows a
longitudinal motional red shift. For a neutral particle, there is a dynamical upper bound, which
depends on both the mass and the transverse momentum of the particle; moreover, the transverse
motion leads to a blue shift of the Larmor frequency. For a charged particle, the longitudinal
motional decrease of the spin splitting is determined by the formation of Landau levels and it has
no upper limit. Unlike the nonrelativistic limit, the relativistic spin splitting depends on the Landau
levels and decreases for higher Landau levels, thereby signalling the presence of a Landau ladder
red shift effect.
PACS numbers: 03.67.Ac, 03.65.Pm, 37.10.Ty
I. INTRODUCTION
Larmor precession is a well-known effect in nonrela-
tivistic quantum mechanics. Within the nonrelativistic
theory the Larmor precession frequency does not depend
on the particle velocity but only on the size of the mag-
netic dipole moment and the strength of the applied field.
Furthermore, the effect is linear in both the size of the
magnetic dipole moment (MDM) and the strength of the
field. There is no upper bound on the Larmor preces-
sion frequency: in principle, it increases infinitely as the
applied field increases.
Recently [1], we have examined the properties of spin
splitting of neutral relativistic particles in 1D and showed
a deviation of the behavior of the Larmor precession fre-
quency from the nonrelativistic result. We have shown
two notable effects. First, an upper limit ε = 2mc2 of the
spin splitting in 1D exists, which is independent of the
size of MDM or the strength of the applied field. Second,
the spin splitting depends on the particle momentum and
velocity, which we have referred to as relativistic motional
decrease effect.
Here we explore the properties of spin splitting in
3D for both neutral and charged relativistic particles.
We show that the relativistic motional decrease effect is
present, in a modified form, for both neutral and charged
particles in 3D. However, in 3D there is no upper limit
for spin splitting for neither neutral nor charged particles.
The reason for this is different in the two cases.
II. NEUTRAL PARTICLE IN 3D
The Hamiltonian of a neutral relativistic particle prop-
agating in a static magnetic and/or electric field reads
Hˆ = cαˆ · pˆ+ 2βˆSˆ‖ (dE − µB) , (1)
where Sˆ‖ is the longitudinal component (along the direc-
tion of the applied field) of the spin vector operator in rel-
ativistic theory, E is the electric field, B is the magnetic
field, d is the size of the electric dipole moment (EDM)
and µ is the size of the magnetic dipole moment (MDM)
of the relativistic particle. The term 2βˆSˆ‖ (dE − µB) lifts
the spin degeneracy and the four distinct eigenvalues are
E↑± = ±
√
p2‖c
2 +
(
c
√
m2c2 + p2⊥ + δ
)2
, (2a)
E↓± = ±
√
p2‖c
2 +
(
c
√
m2c2 + p2⊥ − δ
)2
, (2b)
where δ = dE − µB and p⊥ is the transverse component
of the particle momentum. If p⊥ = 0 the eigenvalues (2)
reduce to the 1D case considered previously [1].
The spin splitting ε = E↑+ − E
↓
+ = E
↓
− − E
↑
− reads
ε =
√
p2‖c
2 +
(
c
√
m2c2 + p2⊥ + δ
)2
−
√
p2‖c
2 +
(
c
√
m2c2 + p2⊥ − δ
)2
. (3)
It depends not only on the longitudinal momentum p‖,
along the direction of the applied electric field, but also
on the transverse momentum p⊥. However these mo-
mentum components enter in the eigenvalues in different
manner and lead to qualitatively different behaviors. Be-
cause both the longitudinal momentum p‖ and the trans-
verse momentum p⊥ enter quadratically in the spin split-
ting, the latter does not depend on their signs; hence, we
shall assume for simplicity that both p‖ ≧ 0 and p⊥ ≧ 0.
Furthermore, because when δ is replaced by −δ the spin
splitting in Eq. (3) changes its sign too, we shall assume
without loss of generality that δ ≧ 0; then we find from
Eq. (3) that ε > 0.
Because ∂p‖ε = −p‖ε/(E
↑
+E
↓
+) < 0 we conclude that
ε(p‖) is a monotonically decreasing function of p‖, with
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FIG. 1. (Color online) Spin splitting of a neutral particle
vs. interaction energy δ for different values of the transverse
momentum p⊥. The dynamical upper limit c
√
(mc)2 + p2⊥ in-
creases with the transverse momentum p⊥. The longitudinal
momentum is p‖ = 0.3mc.
the maximum value of ε(p‖) achieved for p‖ = 0. This
behavior is the same as in the 1D case [1]. The expression
for ε0 = ε(p‖ = 0) reads
ε0 =
∣∣∣c√m2c2 + p2⊥ + δ∣∣∣ − ∣∣∣c
√
m2c2 + p2⊥ − δ
∣∣∣. (4)
There are two distinct regimes depending on the size
of the interaction energy δ:
δ < c
√
m2c2 + p2⊥ ⇒ ε0 = 2δ, (5a)
δ > c
√
m2c2 + p2⊥ ⇒ ε0 = c
√
m2c2 + p2⊥. (5b)
Similarly to the 1D model [1] ε0 grows linearly with δ un-
til a threshold value is reached, after which ε0 stays con-
stant. However, unlike the 1D model [1], the threshold
value c
√
m2c2 + p2⊥ and the saturation values depend not
only on the rest mass energymc2, but also on the value of
the transverse momentum p⊥. Consequently, in the 3D
model a global upper limit for the spin splitting does not
exist since p⊥ may be arbitrarily large. However, for any
fixed p⊥, the value c
√
m2c2 + p2⊥ is the maximum value
that the spin splitting ε0 can have. We refer to it as the
dynamical upper limit for a given transverse momentum
p⊥. It is demonstrated in Fig. 1.
Low-speed limit. For small values of p‖, the spin
splitting (3) can be expanded in Taylor series versus p‖,
ε ≈ ε0 −
p2‖c
2
2|m2c4 + p2⊥c
2 − δ2|
ε0 . (6)
When p⊥ = 0 Eq. (6) reduces to the 1D expression [1].
As p⊥ increases the size of the energy shift decreases —
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FIG. 2. (Color online) Spin splitting of a neutral particle
vs. the transverse momentum p⊥ for different values of the
longitudinal momentum p‖ for δ = 0.3mc
2.
a dependence, which is the opposite to the one on the
longitudinal momentum p‖.
High-speed limit. For large values of p‖, we find from
Eq. (3) the high-speed approximation
ε ≈
2δ
√
m2c2 + p2⊥
p‖
. (7)
For p⊥ = 0, Eq. (7) reduces to the high-speed limit in
the 1D case [1]. Obviously, the spin splitting in this limit
increases with the transverse momentum p⊥.
Because ∂ε/∂p⊥ = p⊥
[
δ‖
(
E↑ + E↓
)
− ε
]
/(E↑E↓) >
0, the spin splitting ε is a monotonically increasing func-
tion of p⊥. This is also evident in Eqs. (6) and (7), and
Figs. 2 and 3. We refer to this behavior as transverse
motional increase for the spin-splitting ε, and transverse
motional blue shift for the associated Larmor precession
frequency ωL = ε/~.
This effect is illustrated in Fig. 2 for a fixed interac-
tion energy δ = 0.3mc2 < c
√
m2c2 + p2⊥. The line for
p‖ = 0 shows no transverse motional increase, as ex-
pected: then the spin splitting is given by Eq. (5a). If
δ > c
√
m2c2 + p2⊥ the spin splitting would not be con-
stant with p⊥, but would manifest transverse motional
blue-shift effect described by Eq. (5b). Figure 2 shows
that the transverse blue shift is more pronounced for
larger values of the longitudinal momentum p‖. Further-
more, the transverse blue-shift effect is larger for larger
values of the interaction energy δ, as shown in Fig. 3.
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FIG. 3. (Color online) Spin splitting of a neutral particle
vs. the transverse momentum p⊥ for different values of the
interaction energy δ for p‖ = 0.5mc.
III. CHARGED PARTICLE IN A MAGNETIC
FIELD
The Hamiltonian for a charged particle in an external
magnetic field in the Landau gauge reads
Hˆ = αˆ · (pˆ−
e
c
A) + βmc2, (8)
where A is the vector magnetic potential. The eigen-
values of the Hamiltonian (8) are the relativistic Landau
levels [2–6],
Eσn = c
√
m2c2 + p2‖ + (2n+ 1 + σ)
~e
c
B, (9)
where σ = ±1 denotes “up” and “down” spin states along
the propagation direction. The spin splitting for the n-th
Landau level is given by
εn = c
√
m2c2 + p2‖ + 2(n+ 1)
~e
c
B
− c
√
m2c2 + p2‖ + 2n
~e
c
B. (10)
The spin splitting for a charged particle in 3D is qual-
itatively different from the expression (3) for a neutral
particle. The difference is due to the coupling of the
magnetic field to the charge of the particle, which modi-
fies the orbital dynamics by formation of Landau levels.
The relativistic expression (10) is also different from the
nonrelativistic result,
εnonreln =
~eB
mc
, (11)
which is readily obtained from the nonrelativistic expres-
sion for the Landau levels,
Enonreln = mc
2 +
~
2k2‖
2m
+
2n+ 1 + σ
2
~eB
mc
. (12)
We note that in the nonrelativistic expression the spin
splitting is the same for all Landau levels — it does not
depend on the index n.
Because it follows from Eq. (10) that, as for neutral
particles, ∂p‖εn = −p‖εn/(E
↑
nE
↓
n) < 0, we conclude that
the spin splitting of a charged particle also exhibits the
relativistic motional red-shift effect along the direction of
the applied field. However, this effect shows some quan-
titative deviations from the motional decrease effect of
neutral particles because of the difference in the defini-
tions of E↑n and E
↓
n.
Low-speed and low-field limit. The low-speed and
low-field approximation of Eq. (10) reads (up to second
order in p‖ and B)
ε ≈
~eB
mc
−
2n+ 1
2mc2
(
~eB
mc
)2
−
1
2
~eB
mc
( p‖
mc
)2
. (13)
The first term is the nonrelativistic result (11); within it
the spin splitting does not depend on the particle lon-
gitudinal momentum p‖ and the Landau level index n,
and the splitting is linear in the magnetic field B. The
next terms depend on both p‖ and n, and introduce a
quadratic dependence on the magnetic field. In this low-
speed limit the relativistic motional decrease effect is em-
bodied in the p2‖-term. Obviously, for heavier particles
the spin splitting decrease is smaller.
We point out that the B2-term in Eq. (13) also reduces
the spin splitting. This term introduces an n-dependence
in the relativistic spin splitting: the larger the Landau
level index n the greater the red shift. We refer to this
effect as Landau ladder red shift. This effects signals
yet another difference from the nonrelativistic result, in
which the spin splitting is the same for all Landau lev-
els. We note that the Landau level index n in some sense
substitutes the quantum numbers py and pz of transverse
motion (if the B-field is along x). We have shown above
that for neutral particles the transverse motion leads to
a blue shift of the spin splitting, which is qualitatively
the opposite of the effect of n on the spin splitting for
charged particles here. This difference is due to the for-
mation of Landau levels. The Landau ladder red-shift
effect is demonstrated in Fig. 4 where it is evident that
the spin splitting is smaller for higher Landau levels.
High-speed limit. In the limit of very high speeds
(v ∼ c) the spin splitting (10) has the asymptotic behav-
ior
εn(v ∼ c) =
~eB
p‖
. (14)
This expression describes how the spin splitting tends to
zero when v ∼ c. Notably, it does not depend on the
4 0
 0.2
 0.4
 0.6
 0.8
 1
 0  2  4  6  8  10
Sp
in
 S
pl
itt
in
g 
ε 
(in
 un
its
 m
c2
)
Magnetic Field B (in units 2pi m2c3/(eh))
n=2
n=4
n=6
n=8
n=10
FIG. 4. (Color online) Spin splitting of a charged particle
vs. the magnetic field for different Landau levels n and for
p‖ = 0.2mc.
mass of the particle and the Landau levels. It is propor-
tional only to the magnetic field strength and inversely
proportional to the longitudinal momentum. The behav-
ior vs. p‖ is very similar to the high-speed limit (7) of
the spin splitting of neutral particles.
With respect to the strength of the magnetic field
B the spin splitting (10) grows monotonically but non-
linearly, as it is also seen in Fig. 4. In contrast to neutral
particles, there is no upper bound for the spin splitting
versus the magnetic field strength. However, for a given
value of B, the nonrelativistic value (11) is always larger
than the relativistic one, which is subjected to the mo-
tional red shift and the Landau ladder red shift.
IV. CONCLUSIONS
In conclusion, we have investigated the spin splitting
of neutral and charged relativistic particles in 3D. We
have shown that for a neutral particle, the upper bound
for the 1D case is modified to a dynamical upper bound
in the 3D case. The dynamical upper bound depends on
both the mass of the particle and the transverse momen-
tum. We have shown that the transverse motion of the
neutral particle leads to a motional increase of the spin
splitting and correspondingly, to a transverse motional
blue shift for the associated Larmor frequency. We have
shown that the longitudinal motional decrease of the spin
splitting is also present for charged particles. However,
there are differences between neutral and charged parti-
cles due to the formation of Landau levels in the latter.
Furthermore, we have shown that for charged particles,
there is no analog of the transverse motional blue shift.
Instead, the spin splitting depends on the Landau levels
and decreases for higher Landau levels. We have referred
to this effect as Landau ladder red shift.
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